
Ergodic Theory and Measured Group Theory
Lecture 24

Recall the following thought : feelings are minimal graphing s ,
must they achieve the cost of the equivalence relation ?

Prop . let E be a pup
CBER on 14M

.

let 4 be a (Bond)

graphing of E that achieves the cost
,
i. e. cute )-- Carla).

Then h is a treeing a. e.

Proof
.

h ✗ We had to delete

a positive nerve of
" ¥I¥¥ "

edge at once at we

can't just say soethiy'E- classes like " delete the least edge
from each cycle

"

here although the result would indeed be

a Borel forest (Minimal sub forest) , it won't be a graphing
we need to do so kfat E :

.

. . ☒ t ti t t # - -
-

the resulting graph
has the sane components as h

. Using Feldman-Moore
, one

can show tht a Borel version of Zorn 's henna holds for
CBERS

, yielding a maximal collection Eof disjoint gates



that is Bail as a subset at ✗
< "V

:
-

- VX ! By maxima-
HEIN

lily ,
it should intersect every G- co -parent that has

a cycle, which is a positively - measured set by our

contradictory assumption . Thus , VE is also positive censure
,

have removing one edge ( say least) from each gale in E

reduces the cost of h
,
a contradiction

.

But again does every twig achieve the cost? Gulf

we have two twigs of the say E one huskier

than another ?
Ti Tz

E E

GH -

- Iz d Cult) --3g ?

Fundament theorem d- cost lhaboriau 19971
. Any truiytof pup

CBER E achieves the cost of E. i. e. cr(E) = Colt) .

In particular , any two timings have 9cal cost.



Corollary lhahoiac) .

For each new
, ay

free pap
adieu of

Eu induces an orbit eg . eel . of cost =h
.

In partnbar , for n-th , the orb. es . rel . af free

pep actions of Fun at Ifm are
not orbit equivalent.

There is a converse to this corollary :

theorem ( Hjorth 2013 , the Kaua ou cost achieved). If E is ergodic
pmptreeahle and of integer cost n e- INUK}

,
then E is

induced by a free pup action at Fu
.

¥:*

There is an ergodic strengthening of this too :

Ergodic learn a ustxhieved ( Miller-Ts) In Hjorth's there,
the action of each of the u standard generators
of Eu can be made ergodic .



smooth eyiraleuu relations .

Recall kt a Beret eg.net . E

ou a st. Borel X is called shook if E ←BID ,R ,
i. e. 3- Bowl faction IT :X → IR it

. ltxyxz C-X,
X

,
E xz <=3 ffx,)=flxzl

.

For CIZÉR , stronger version are available :

Prop . let E be a (BER on X
. TFAE :

(1) E is smooth
.

(2) E aduih a Borel selector , i. e. Ñidap s : ✗→ ✗ s.f.
d- ✗
,
slxl Ex I V-x.az EX, ×

,
Exz (⇒ 5141--51×2).

(3) E admits a Boel traversal
,
i. e. a Beel * c- X

tht meats every
E- clan in exactly one poict.

" HIIIII! . .
.

✗

111 Y
E-domes

Proof
.
This follows from the Latin - Novikov uuiforuizotiou theorem

.

brain - Novikov uniformitarian .
let BE ✗ ✗ Y

,
X
,
Y st

.
Boel

.

If uh ✗ - fiber over B
, aaelg , B× :-/ SEY :(Kisei}



is dhl
,

then B= U graph Ka) for son Boel
NEIN

Bfainting fu :X → Y
.

"

×→x
In particular, proj×B is Red base Prq×B= Yep,jojgraphlfa),
at bemuse

poop
a graph (E) is 1-1

,
its image

is Bout 14
,

the Latin -Soasdid
.

Here is another characterization at smoothness that I find most
useful

.

70 - questions characterization of snooker
.

A CBÉR E oak is

smooth iff 7 (Qu) now , Qu EX Borel ( " questions")

sit
. V- ✗ 1 , Xy X

,
E ✗ 2 (⇒ th (x , c- Qu <⇒ xz c-Qu)

.

Proof. ⇐ .
Let (Qu) be as in the hypothesis I define

IT : ✗→ 21N by its sequence at answers
,
i. e.

(1%1×1) new - this is clearly a Doel redfin to =
.

⇒
. ht IT : ✗ → 21N be a Borel reduction to =

.

Then Qu := IT
" ( 1 ✗ c- 21N : ✗ (a) =L }) fits the hill

.



Examples . (a) Finite BERS ( i. e. eah clan in finite) we smooth
.

Proof
. suppose ✗ =1R I let s :X → ✗ by
✗ 1-7 the least element in [✗ IE

.
This is Boel }

lazin- Novikov .

(b) For any Boel function f :X → Y
,
let her (f) :=

11k, a) C- X2 : f-(a) =f(xD) , so it's smooth b
, def.

4) Similarity of -atria, .

(d) conjugacy of Bernoulli automorphism, } Ornstein's

theme- .

Poop . Evey ergodic CBER E
on 4,9) is A-nowhere

smooth
,
i. e. if Ely is smooth then Y is wall.

Proof
. Ergodicib is eye to

evey invariant areas .
I:X → 21N

is constant a. e. ( recall taking painages of left/right
subtrees . Sine each E-clan is ctbl

,
it's null

,
so

AMA every inv. reas . function would take
inequivalentpoints to the sane decent i. 2 "!

Eagles . (a) Eo on
21N : ✗ Eoy <⇒ QQ ✗ (a) =glu) .

this ergodic w.it . the coin- flip -easier.



(b) Bernoulli shifts : lt cfbl grp P
,
take the shift

1-
→ (✗ "

,
art

.
This action i

,
Istrongly) nixing :

tin MAAR B) = HAHAH ,
no

where 8- a man, V-E > 0 V_%eP
. . .

Hence the orb . eg . rel. is ergodic , so nensnooth
.

(c) Irrational rotation Is S ' il ergodic ⇒ neasaooth
.


